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Review
.

(Iso perimetric inequality )

Fhm 1
.

Let 1- be a c 't simple closed curve in IR?

111

set A= area(e)
,

l= length of 1-
.

Then

As 1%4-11
and É " holds if and only if T is a circle

.

Pf . By a suitable scaling , we may assume 1=2-11.

Parametrize f- by its arc length, say ,

✗ Its = ( xctl , yet ) ) , oft £21T,

✗
'stint ykt)-=\

Using the Green -1hm
,
we have

A = §, ✗ dy = [
"

✗(t) y 'ct) at



We need to show that As IT and
"

=
"

holds iff 1- is

a circle.

It is equivalent to show that

1.* ✗ (t ) Y'a) dt £ IT and 1- " holds iff 1- is a circle
.

For this purpose, we expand ✗ (t)
,
yet) into their Fourier

series on [0,211-1
.

A
co

✗(t) = I aneint
,

yet , = I bneiht
n= - is n=- W .

( the above Fourier converge because ✗ cts
, yet)

arediff )

✗
'

(t) ~ tÉ inane
int

, y
'

can I inbneint
.

h= -w

f fin ) = infcn) )

By Parseval identity
21T is

¥ So ✗
'ctidt = ¥, / in an /

'

= EI n' / ant?
•

rilbnl!¥ fo
"

y'(t5dt = I
h=- is



Hence

is

i-E.fi
"

I✗
'ctityktidt =

n=→

n'( lani-lb.nl)
(* I

Also by the generalized Parseval identity ,

¥y §
&

o
✗(t) Y'ctsdt = ¥1 [

"

xctiyttdt

= ( xctl
, Y'(ti)

= É In .FI
h= - is

= É an ibis
h=- is

is

= I
n=- w

- in an BT
.

Hence A- = [
"

✗(f) y'(f) dt = it .
É f- inanbn )

.

h=- is

so

A- = zit / nÉ?→ f- inanbn ) /
co

£ 21T I
n= - is

In / lantlbn /
•

in , ÉnIE 21T I
h=- is

'
to

1h12 lan1bnrf. 217 . I
h= - is

= T1 ( by *1) .

This proves the iso perimetric inequality .



Next assume that A = IT .

clearly we have

① / an / =/ bnl for all n-1-0 .

( since lnllanllbnl = 1h14 Y

② Ian / =/ bn1=o for all Inl > 1 .

f. sincet.nl.ch#bni=1np.lanl4l-zbn)Henaxct)--a.,e-it+ao+a,eit
,

yet)= b- , e-
it
+ bot bieit

g

since xct), ycti are real ,

ao EIR
,

A- i = AT
,

b- , =bT , bot IR .

( check a. = ¥ [
"

xctdt C- KR
.

a- , = ¥ [
"

xctieitdt = ¥ÉÉÉiTt
= AT

.
I

Hence la , / =/ a-11--141=1 b-if



to

Recall 1- = E- is n'Cantt lbni) . ( by (1*1)

= 19141bit -1 / a-if -1lb- if

It follows that la, / =/bit / a-11=1 b-11=1-2

Now we see that

a. = d- eid
,

b ,=±eiB
for some 2

, B C- [0,21T) .

Then

✗ (t) = AT e-
it
+ a. + a.eit

= a. + I e-
ildttl

+ § eicatt )

= ao t cos (att )
.

yctl = bot cos ( Bttl .

Recall that
co

IT = A = 21T E.• C- in an BT )

= 21T f- ia ,
b-
, + i A-15, )

= 21T C- it ( Feild
- B)
- ¥ ei(

B-

211



= 21T fi ) . ¥ . (zi ) sin (2-B)

= ☒ sin (2- B)

Hence sin (d- B) = 1 . Since 2
, PE [0,21T )

,

we have

2- p= ¥ or -3¥
.

So

Yctl = bot cos / Ptt )

= but cos ( att - ¥ )
( or cosldtt -13¥ ) ) )= bot sin ( att)

Recall ✗(f) = Aot cos (dtt )
.

Hence (✗(t) - ao )4 (Ht) - b.)2=1 .

So 1- is a unit circle . 1☒
.



§ -4.3 Weyl 's equidistribution
Theorem

.

A

Def . A sequence of
numbers ( Xn )n= ,

e [0,1) is said to

be equidistributed in [0,1 ) if for all
la , b) c [0,1)

,
we have

④ him ¥ . # { Isnt N : xnefaibl } = b-a
.

N→n

Renmark: the above limit is the proportion of @ n)

lying (a. b) .

Example 1 .
Consider (Xn ) given by
0
, § , 0, §, 0

, § , ' • . .

Take (a.b) = 34
,
-3g )

.

But Xn ¢ (a.b) , so

him ¥ # { lens N : xnt (a. b) } = 0
N→w f- b-a

.

So we conclude (xn ) is not equi distributed in -6,1?



Third ( Weyl ) Let 8 be an irrational number
,

→ o
.

Then the sequence
is

( {no} )n=i
is equidistributed in [0,1)

.

Here { no } denotes the fractional part of n8.

I e. g if ✗ = 2.345 . . "

,
then { × } = • 345. .)

Remark : Kronecker proved that

( { no} )n:
is dense in [0,1) if 8 is irrational

.

• For (a. b) e [0,11
,

let us define ✗(a. b) :[0, 1) → IR by

if ✗ c- fa , b)
✗@b) G) = { ! otherwise

.

✗ (a. b) is called the characteristic function of (a.b) .



Then it is direct to check

* { lens N : ✗ntfaibl }
N

= ¥ Hainan )

In this way, we see that ① is equivalent to

AT

② Iim ¥ ¥
,
Ha

, , ,
( xn ) = b-a

.

N→w

for all (a. b) e [0,17

To prove the theorem of Weyl , it is enough to show

that for any irrational number 8,

limit, ¥ , Ha,b,({ "8}) == b-a
, it G.b) c[o, 1)

.N→w

We call extend Xfa.bg to be a 1- periodic function on LR
Then

,
We can write

H¥b¥ ¥,
X(a. b) ( n8) = b-a

,

b- Gib )e[o,D
.


